Abstract-An approach for the construction of optimal analog wavelet bases is presented. First, the definition of an analog wavelet is given. Based on the definition and the least-squares error criterion, a general framework for designing optimal analog wavelet bases is established, which is one of difficult nonlinear constrained optimization problems. Then, to solve this problem, a hybrid algorithm by combining chaotic map particle swarm optimization (CPSO) with local sequential quadratic programming (SQP) is proposed. CPSO is an improved PSO in which the saw tooth chaotic map is used to raise its global search ability. CPSO is a global optimizer to search the estimates of the global solution, while the SQP is employed for the local search and refining the estimates. Benefiting from good global search ability of CPSO and powerful local search ability of SQP, a high-precision global optimum in this problem can be gained. Finally, a series of optimal analog wavelet bases are constructed using the hybrid algorithm. The proposed method is tested for various wavelet bases and the improved performance is compared with previous works.
INTRODUCTION
The Wavelet Transform (WT) has been proven very useful in many fields due to the ability of wavelets to resolve localized signal content in both scale and space [1] [2] [3] [4] [5] . The conventional method of implementing WT is by means of digital signal processing systems (DSP) with the required A/D or D/A converters. For WT, emerging applications such as low power sensor networks [6] and [7] , next-generation cochlear implants [8] and [9] , and implantable pacemakers [10] continue to challenge its implement method with ever more stringent requirements-ultra low power cost, very small size, and real-time performance. With modern advances in the area of programmable and reconfigurable analog VLSI technologies, it is feasible to implement complex signal processing employing analog systems with very low power and small size [13] [14] [15] [16] [17] [18] .
Application requirements and novel analog circuit technologies provide a motivation for realizing WT based on analog systems, and a number of attempts have been made so far.
Previous studies on analog hardware implementation of WT can be divided into two categories, namely time-domain approach [19] [20] [21] and frequency-domain approach [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . The latter is now the mainstream approach and the performance of such implementation primarily depends on the accuracy of the corresponding wavelet approximations. In fact, it is a nonlinear constrained optimization problem to approximate wavelets. Some approaches based on optimization techniques for wavelet approximations have been reported, which include mainly L2 approximation method [26] , network function method [23] , [25] , differential evolution method [30] , [31] and simulated annealing method [31] . However, these methods are difficult to ensure a global initial value, which may result in a local optimal result. So, some more effective technologies to get optimal wavelets for analog hardware implementation should be explored.
In this paper, we are interested in the analog hardware implementation frequency -domain of WT and the constructing the optimal analog wavelets. The innovative aspects of this paper are threefold. First, by extending author's previous work [27] and [28] we propose a general framework of constructing optimal analog wavelet bases. Based on linear system theory and wavelet transform theory, the definition of analog wavelet base is given. Then applying the least-squares error criterion, mathematical model of designing optimal analog wavelet bases is established, which is a typical complex function nonlinear constrained optimization problem.
Second, a hybrid optimization algorithm by combining chaotic map Particle Swarm Optimization [33] (CPSO) with local sequential quadratic programming (SQP) [32] is presented to solve the optimization problem. CPSO is an improved PSO in which the saw tooth chaotic map is used to avoid premature problem of PSO and raise its global search ability. Finally, based on the proposed hybrid algorithm and the general frame, a series of optimal analog wavelet bases are constructed. CPSO is a stochastic optimization technique with powerful global search ability.
Using CPSO to find a global initial value for SQP which is a powerful nonlinear programming algorithm, we can get high-precision optimal analog wavelets and overcome these limitations in previous methods. Experimental results confirmed this.
The paper is organized as follows: In sections 2, we give the definition of analog wavelet base. In sections 3, the general frame of constructing optimal analog wavelet bases is set up. In sections 4, we propose a hybrid optimization algorithm by combining CPSO and SQP. In sections 5, we construct many optimal analog wavelet bases using the proposed hybrid algorithm, and compare the performance of proposed method with other method.
II.
ANALOG WAVELET TRANSFORM AND ANALOG WAVELET BASE
The definition of the continuous wavelet transform (CWT) for a real valued time signal ( ) x t is given as [2]
where a is scale parameter ( (0, ) a ∈ R ) and τ is translation parameter ( τ ∈ R ). The basis
is called the mother wavelet or wavelet base. The mother wavelet used to generate all the basis functions is designed based on some desired characteristics associated with that function. The translation parameter τ relates to the location of the wavelet function as it is shifted through the signal. The wavelet base must satisfy two restriction conditions. One is
This ensures the mother wavelet has no DC component and is fast in decaying rate. The other is the admissibility condition, i.e. (3) is stronger than the first one. The reason for requiring this condition is to guarantee that the reconstruction of the original time signal from the continuous wavelet transform is possible.
The above equation (1) 
Up to now, various versatile wavelet bases with excellent qualities have been designed since the wavelet transform theory was put forward, such as Marr wavelet, Gaussian wavelet, and Morlet wavelet, etc. and have been successfully applied to the signal processing and analysis [1] .
However, these versatile wavelets usually do not satisfy some conditions for analog wavelets in equation (6) . In order to meet new application requirements for low-power, small size and real-time, how to construct analog wavelet bases as fine as versatile wavelets has gradually become a popular research topic.
III. THE GENERAL FRAMEWORK OF CONSTRUCTING OPTIMAL ANALOG WAVELET BASES
To obtain analog wavelet bases with excellent properties, we naturally think of the approach method. If the analog wavelets constructed can approach the versatile wavelet well in time domain, we will easily find good analog wavelet bases. According to the linear system theory, a analog wavelet base 
where between the analog wavelet base and the desired versatile wavelet:
The fitness function to be minimized using the numerical optimization algorithms is given:
Then, combining all the conditions in equations (6)- (8), and (11), a general optimization mathematical model of constructing analog wavelet bases in time domain is described as: 
This is a typical high-dimensional, nonlinear, multimodal complex functions nonlinear constrained optimization problem. It is very difficult to search the accurate global optimal solution using common numerical optimization techniques, which in general provide no global optimality guarantee and give different local optima with different starting points. After establishing a good mathematical model, whether we are able to get the optimal analog wavelet bases depends greatly on the performance of the optimization algorithm used to solve the problem.
IV. THE HYBRID OPTIMIZATION ALGORITHM
The methods for solving nonlinear optimization problems are mainly divided into two categories:
deterministic and stochastic search algorithms. Deterministic search methods include feasible direction method, gradient projection method and local sequential quadratic programming (SQP) so on [32] . The SQP belongs to the most powerful nonlinear programming algorithms we know today for solving differentiable nonlinear programming problems with nonlinear constrains, but whether the solution is optimal or not depends greatly on the initial value. Stochastic search algorithms include simulated annealing [34] , genetic algorithm (GA) [35] and recently proposed Particle Swarm Optimization (PSO) [33] etc. Although GA is a good global searching method, it is too complex in coding and time consumption. PSO characterized by its less parameter, simplicity and efficiency, being insensitive to initial value, has already been successfully used in many real-world problems [36] . The PSO is very well for global optimization, but it is not good at searching the high-precision solution. As in [37] demonstrated by Van den Bergh, PSO also has the weakness of premature convergence like other search algorithms. The chaotic map can be used to improve the performance of standard PSO to avoid premature convergence, The proposed improved PSO based on chaotic map is called CPSO. To solve the constrained nonlinear optimization problem in equation (12), a hybrid optimization algorithm by combining CPSO with local SQP is presented. CPSO can be viewed as the global optimizer while the local SQP is employed for the local search. Thus, the possibility of exploring global optima in equation (12) with more local optima is increased. Benefit from the fast globally converging characteristics of CPSO and the effective local search ability of local SQP. Thus, the hybrid algorithm can obtain the global optimal results of optimization problem in equation (12) quickly.
a. Standard PSO Algorithm PSO was originally inspired in the way crowds of individuals move towards predefined objectives, and it is better viewed using a social metaphor. Each potential solution is also assigned a randomized velocity, and the potential solutions, call particles, corresponding to individuals. Each particle in PSO flies in the D-dimensional problem space with a velocity which is dynamically adjusted according to the flying experiences of its own and its colleagues. The location of the ith particle is represented as
are the lower and upper bounds for the d th dimension, respectively.
The best previous position of the ith particle is recorded and represented as
, which is also called pbest. The index of the best particle among all the particles in the population is represented by the symbol Pg .The location
is also called gbest. The velocity for the i th particle is represented
, is clamped to a maximum velocity ( )
which is specified by the user. The particle swarm optimization concept consists of, at each time step, changing the velocity and location of each particle toward its pbest and gbest locations according to the equations (13) and (14), respectively:
where w is inertia weight, c 1 and c 2 are acceleration constants, and rand() is a random function in the range[0, 1].
b. The improved chaotic map PSO algorithm (CPSO)
In order to overcome the premature convergence, a logistic map-based chaotic particle swarm optimization (LPSO) [38] has been described and it can lead to the effective enhancement of the searching efficiency, as well as great improvement of the searching quality. Here, we will put forward our exploration on saw tooth chaotic map [39] particle swarm optimization (CPSO), exhibiting even higher convergence and accuracy. A chaotic map is a map that exhibits some sort of chaotic behavior. Maps may be parameterized by a discrete-time or a continuous-time parameter. Discrete maps usually take the form of iterated functions. In this paper, a saw tooth chaotic map, which has better ergodic property than the well-known logistic equation, is employed for improving the global search ability of PSO. The saw tooth map is defined by the discrete-time relationship that maps present state ( ) x n into next state ( 1) x n + according to
where function ( ) F x evaluates the non-integer part of the product of present state ( ) x n by 2. It is apparent that function ( ) F x maps state space [0, 1] into itself.
The CPSO algorithm is outlined in the following steps:
1) Initialization: the particle swarm size is set to be I, the iteration time is set to be N, n=1, i=1, m=1, initialize velocity i V ; Chaotic searching iteration number is set to be G, the premature convergence parameter is set to beη .
2) Generate I particles randomly, and compute the fitness function:
4) Let n=n+1, and compute
according to the formulas (13) and (14).
and go to step 5).
7) According to equation (16) , compute fitness variance 2 σ of current particles: (16) where avg F is the average fitness. If ( 1) ( ) [2 ] mod1 The performance of the proposed hybrid algorithm is tested using three famous benchmark functions: schaffer function, rosenbrock function and rastrigrin function.PSO, LPSO (PSO based logistic chaotic map), and the proposed hybrid algorithm are utilized to find the minimum of above three functions respectively. For every algorithm, 30 experiments are carried out. Chaotic search numbers is set to 50 to treat premature problem in PSO. Test results are given in Table 1 .
It is clear that the proposed hybrid algorithm based on CPSO and local SQP is superior to the standard PSO, and the LPSO. It demonstrated that the obtained results of hybrid algorithm for the all functions are much better than the other algorithms and it can reach a high-precision global optimal solution faster. Moreover, the proposed hybrid algorithm is showing a higher capability of escaping local minima. Using the proposed hybrid algorithm to solve the problem in equation (12) and find out the global optimum, the construction of optimal analog wavelet bases will be realized. The total performing process is shown by the flowchart in Figure 3 . (versatile wavelet), Gaussian wavelet will be chosen as the approached object. Correspondingly, this analog wavelet is called Gaussian-like analog wavelet. Second, set up the optimization mathematical model for constructing analog wavelet according to equation (12) . Finally, employ the proposed hybrid algorithm to solve the optimization problem and finish the construction of optimal analog wavelet bases. Based on the method, some real and complex analog wavelet bases designing will be discussed as follows. (22) According to analog wavelet stability and admissibility criterion, the optimization model of constructing Marr-like analog wavelet base is described as 
This is a nonlinear constrained optimization question. Using the proposed hybrid algorithm to solve equation (23) ( , )
respectively. Its local best position and the global best position of the particle swarm are denoted as i P and g P respectively. The maximum iteration for local SQP is set as M =1000. Then, The CPSO optimization program is run first in Table 3 . To replace the parameters in equation (20) Table 3 : 
The time-domain waveforms and frequency responses of constructed these optimal analog wavelets are given in Figure 7 -10 respectively. To illustrate the performance of the proposed method for constructing optimal analog wavelet bases, we investigated the relation of analog wavelet filter orders to the approximate error and the wavelet admissibility condition. Some experiments were conducted upon constructing three sorts of optimal analog wavelet bases with various orders. The experimental result data of Gauss-like analog wavelet, Morlet-like analog wavelet, and Marr-like analog wavelet are given in Tab. [4] [5] [6] respectively. The relation curves between orders and the approximate error in Fig. 11-13 show approximate errors always decrease as filter orders become larger. This is because higher order results in more accurate and sophisticated optimization model in equation (12) . Given an accurate model, the proposed hybrid algorithm always seeks out the global high-precision solution.
However, it is not always feasible to get more optimal analog wavelet by continually increasing the order. The relation of orders to the wavelet admissibility condition shown in Fig.14-16 confirms this. The monotonically increasing curve in Fig.16 illustrates that increasing order will degrade the admissibility condition of Morlet-like analog wavelet. Such as Morlet-like analog simultaneously. There is always a trade-off between MSE and admissibility condition and our experimental result data provide a reference for the optimal analog wavelet design.
We also compare our method with the state-of-the-art in designing analog wavelet, namely L2 approximation method [26] , network function method [23] , [25] , differential evolution method [30] and simulated annealing method [31] .The relation curve also is given in Fig.11-13 . For low order analog wavelet, L2 approximation method is in the ascendant, especially for Marr-like and Morlet-like wavelets. But For high order analog wavelet, our method is superior to the other methods. Applying the CPSO algorithm, we have successfully overcome the problem in [26] , [25] and [31] that an improper initial value will result the local optimum. The use of SQP algorithm guarantees the accuracy of optimal solution. 
